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ABSTRACT. The longest geodesic segment in a convex ball of a riemannian
manifold, where the convexity is ensured by an upper bound on sectional curva-
tures, is the diameter. This and related results are demonstrated. and applied to
show that there exist manifolds with sectional curvatures of both signs but with-
out conjugate points.

1. Introduction. The central result of this paper is that no geodesic segment
in a ball B, o of a riemannian manifold has length greater than 2r,, provided that
the following property holds. The sectional curvatures at distance » from the cen-
ter are < f(r), where f is a monotone decreasing function on [0, 7,]. f must be
such that this curvature estimate implies that the concentric balls B, are convex
for r <r, and that no geodesic through the center has focal points in B, o along
an orthogonal geodesic through the center. In particular, if fis a positive con-
stant b2, then I require bry <m/2. These results will be proved in §2.

The questions which stimulated this investigation, and the applications which
will be discussed in §3 below, involve the existence problem for manifolds with
curvatures of both signs whose geodesics have nonconjugacy or nonfocality pro-
perties. Nonconjugacy is the property that no nontrivial perpendicular Jacobi
field along a geodesic vanishes at two points; equivalently, the exponential map
from the tangent space of each point is nonsingular. Nonfocality is the stronger
property that if any nontrivial perpendicular Jacobi field along any geodesic van-
ishes at some point, then its length has nonzero derivative at all other points; equiv-
alently, the exponential map from the normal bundle of every geodesic 7 is non-
singular (such a singular point would be a focal point of 7). These properties are
related to questions of divergence of geodesics and ergodicity of the geodesic
flow. For example, the compact examples 4, and B3 constructed in §3 have
Anosov geodesic flow (for definition see [7]); B2 is a surface with focal points.
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Klingenberg has recently shown that a manifold with Anosov geodesic flow must
be free of conjugate points [7]; it is now shown that the manifold need not be
free of focal points. Hypotheses previously known to imply nonconjugacy have
required properties that were not, to my knowledge, shown to be satisfied on any
manifold on which positive sectional curvatures occur.

It follows from the methods of this paper that, for example, the following
condition excludes conjugacy on a riemannian manifold M: the exponential map
at some point embeds a ball of radius » + R into M such that all sectional curva-
tures on the closed annulus between 7 and 7 + R are < — 2, < b2 inside the an-
nulus and < 0 beyond the annulus; where br < #/2 and b tan br < § tanh fR.
Previously known conditions have required specific knowledge of the geodesic
paths, whereas the property of nonconjugacy is commonly required for detailed
study of the geodesics, a somewhat unsatisfactory situation. It should be observed
that the condition stated above is an open condition in that it is preserved under
any CZ2-small perturbation of the riemannian metric.

I am indebted to Pat Eberlein for posing questions which stimulated this in-
vestigation, and to Leon Green for several suggestions and references. I would al-
so like to thank the referee for pointing out certain incomplete arguments and
suggesting a number of improvements.

2. The growth of the distance function. In the first part of this section, I
shall consider a riemannian manifold M whose sectional curvatures, by way of nor-
malization, are bounded above by 1. Fix a point p of M and define the distance
function p(q) = d(p, q). Denote B, = {q € M: p(q) <r}. For some radius
ro < /2, assume that B, o is the diffeomorphic image of the corresponding ball
centered at the origin in the tangent space Mp to M at p under the exponential
map at p. X = grad p defines a smooth vector field on B, o except at p. For UE
M, q €B,, 4 # p, define

k) =V X, O/(IUI? - (X, 1Y?).

Then &(U) is the normal curvature of the sphere 0B, () With respect to the in-
ward unit normal — X, in the direction given by the orthogonal projection of U to
the tangent space of the sphere. A brief computation yields

LemMA 1. For a unit-speed curve o, define ¢(s) = p(o(s)). Then
¢ = (1 = (©))k(0) + (X, o").
In particular, if o is a geodesic, then

® ¢ = (1 - (@)@
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Now an unintegrated form of the Rauch comparison theorem gives the esti-
mate k(0'(s)) = cot ¢s) whenever o(s) <r, (cf. [1, p. 251], or Lemma 3 below).
This implies that ¢ is a subsolution of the ordinary differential equation

@ ¥ = (1 - (@) cot Y(s) =0,

which is satisfied by the distance function along a geodesic in the sphere of radius
1, as may be seen from (1). Given a constant s, a family of solutions ¥, to (2)
may be defined by cos ¥,(5) = cos 7 cos(s — 54), 0 < ¥,(s) < 7, according to the
law of cosines of spherical trigonometry. Observe that Y ,(s) = Is — s, for Is —
sol <72 and ltl <.

Let o be a unit-speed geodesic on M, o((s,, s,)) a segment of ¢ which lies
in B, . I wish-to show s, —s; < 2r,. Without loss of generality, I may assume
that s, and s, are extended real numbers such that no larger open segment of o
lies in B, . The assumption ry < /2 implies ¢"(s) = 0 for s, <s<'s,, using
equation (1) and the comparison estimate. Moreover ¢"(s) = 0 can occur for
some s only if lg'(s)l = 1, in which case 0 must coincide with the geodesic through
p, which implies s, —s, = 2r,. Now assume that for some s, l¢'(s)l < 1. Then
lo'(s)l < 1 and ¢"(s) > O for all s € (s, $,), so that ¢ assumes a positive mini-
mum ¢, <7, at a unique point s, € (s;, 5,)-

Thus o agrees up to first order with ¢, 0 at s,. Since v is a subsolution of
), o(s) = t]/,o(s) must hold on the interval Is — 5ol < 7/2,s, <5 <s,. In fact,
one may introduce new coordinates (s, #) for the domain 0 <p +s <7, 0<p -
s <m, defined by p = ¥ (s). Then p = y(s) may be described by ¢ = ¥(s), and ¥y
satisfies a differential inequality of the form y"(s) + a(s)¥'(s) = 0. This inequal-
ity is equivalent to (a(s)7'(s))’ = O, where a is a positive integrating factor. But
7(so) = 0, so that 7'(sy) = 0 for s > 54 and 7'(s) < O for s <so. This implies
t = 7(s) = ¥(sg) = to, Which is to say ¢(s) = Y,(s) = wto(s) > lIs = sol. In parti-
cular, if s, were greater than s, + ry, this would imply ¢(sy +74) =
v, o(so + 1) = r,, contradicting the assumption o((s,, $,)) € B, 0’ Thus s, <
So + o, and by a similar argument s; =54 —7,. This proves

THEOREM 1. Suppose M is a riemannian manifold with all sectional curva-
tures < b2, B, 0 ball in M which is the diffeomorphic image under the exponen-
tial map of a ball in the tangent space at its center. If bry < n/2, then any geo-
desic segment in B, o has length at most 2r.

The hypothesis regarding the magnitude of r, is precisely the bound re-
quired to ensure convexity of B, for r <r,, or equivalently, to ensure that p is
not a focal point for any geodesic segment in B, 0 One might be tempted to sup-
pose that Theorem 1 should remain true if the curvature assumptions are replaced
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by the weaker convexity hypothesis. This seems unlikely. In any case, my meth-
ods of proof require some sort of a priori estimate on the growth of Jacobi fields
along an arbitrary geodesic in B, o However, the constant upper bound on cur-
vature may be relaxed as in the theorem below. This strengthening is convenient,
but not essential, for the examples constructed in §3. Observe that while the
statement of Theorem 2 does not give sharp bounds on r,, as in Theorem 1, the
sharp statement, in which , and u), are required to be positive only on [0, o)
may be regained as a corollary. I denote p(q) = d(p, q) as before.

THEOREM 2. Suppose B, o is a ball in M which is the diffeomorphic image
under the exponential map of the corresponding ball in the tangent space at p.
Assume that for all q € B, o all sectional curvatures K for plane sections at q sat-
isfy K < f(p(q)), where f is monotone decreasing on [0, r,]. Suppose f has the
property that the solution u, of the Jacobi equation u" + fu = 0 satisfying
u,(0) = 1, u}(0) = 0 is positive on [0, r,], and the solution u, satisfying u,(0) =
0, u'2(0) = 1 has positive first derivative on [0, r,]. Then any geodesic segment
inB, 0 has length at most 2r, and, moreover, cannot contain two mutually con-
jugate points.

Since I have not required f to be continuous, a word is in order about the
notion of solution to the Jacobi equation. When f is of class L, I define this
to mean a locally bounded solution to the corresponding integral equation:

u,Nn=1 —f;f;f(s)u,(s)dsdt

and a similar equation for u,, with r as the first term. Solutions to these equa-
tions exist and are unique for f € L, ([0, r,]); moreover, the solutions u, and u,,
in the norm topology of C'([0, 7,]), depend continuously on f as f varies in the
norm topology of L, ([0, r,]) (cf. [8, note Remark 2, p. 151]). In the.interest of
computational simplicity, one may observe that for piecewise continuous f, u,
and u, are characterized as the C ! functions which satisfy the Jacobi equation
except at the discontinuities of f. Further, the integral-equation definition is
equivalent to the notion of distributional solution:

Jwe -up=0

for every smooth function ¢ with compact support in the domain of integration.
The fact that a solution of the integral equation is a distributional solution will
be used in §3, and may be verified by writing u' in terms of the integral equa-
tion and applying Fubini’s theorem.

I claim that f may be approximated from above in the L, norm by a func-
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tion g which is monotone decreasing on [0, r,], and of class C! together with its
even extension. Choose a small positive number €. Define F(r) = f(Irl — €) for
Irl = € and F(r) = f(0) for Irl <e. Then

“f_ FllLl(["’O"Ol) < 2€(f(0) —f(ro))-

Now let g be the convolution of F with a positive, even C! kernel whose integral
equals 1 and which vanishes outside of (- ¢, €). Then

"g - F“Ll([—rO’rOl) < 2€(f(0) _f(ro))'

Moreover, g is of class C!, is even, decreases monotonically on [0, 7], and ma-
jorizes f.

Let v,, v, be the solutions of the Jacobi equation v” + gv = 0 with initial
conditions v, (0) = v5(0) = 1, v}(0) = v,(0) = 0. As € tends to zero, v; and v}
tend uniformly to u; and uj on [0, 7,]. In particular, if € is chosen small enough,
then v,(r) > 0 and vy(r) > 0 for 0 <r <r,. Further, in the notation of the
theorem, K < g(o(q)) since g = f. Therefore, without loss of generality, I may
assume that f is a class C, even function on [~rg, 7,].

Theorem 2 may now be proved in an analogous fashion to Theorem 1, by
comparing M with a manifold M* whose sectional curvatures at g* for plane sec-
tions tangent to the radial geodesic from p* are all equal to f(d(p*, ¢*)), where
p* is a fixed point of M*, To construct M*, define the first fundamental form
in spherical normal coordinates centered at p* by ds® = dr? + u, (r)* d92, where
r is the radial coordinate and d6? is the first fundamental form on the unit sphere
in euclidean space, pulled back under the central projection map. Let B;" denote
the open ball in M™ of radius 7 and center p*. The crucial point which is needed
regarding M* is that the family ¥, of solutions to the differential equation

©) - A= W))e,) =0

with initial conditions ¥,(s,) = #, ¥;(sy) = 0, has the properties (3/35)¥(s) > 0
and Y, (s) = Is — syl for Is — syl <ry, 0 <t <ry. Here ¢(r) is the inward normal
curvature of BB;" . These properties of the family ¥ (s) will be considered in Lem-
ma 2 below. With the observation that u, is the length of a Jacobi field along a
geodesic through p*, whose Lie bracket with the unit radial vector field vanishes,
a standard computation shows that ¢ = u5/u,.

It follows from the unintegrated Rauch comparison theorem as before that
under the hypotheses of Theorem 2, k(0'(s)) = c(y(s)) for any geodesic o in B, 0’
where ¢(s) = p(o(s)). Then according to Lemma 1, ¢ is a subsolution of equa-
tion (3) as long as o(s) is in B, o Asin the proof of Theorem 1, one may now
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show that ¢ assumes a minimum at a unique sy, and that ¢(s) > Is —s, | as long as ¢(s)
remains <r,. In fact, if o passes through p, then ¢(s) = Is — 5ol. Otherwise, we
have ¢(s,) = t, > 0. Now using the results of Lemma 2, one sees that p = §,(s)
defines a diffeomorphism between the domain U; = {(s, p): 0 < p <r,,
Is — so! < p} and a neighborhood U, of the segment s = 59, 0 <t <r,, in the
(s, t)-plane. The equation p = ¢(s) with ¢(sy) = o, ¢'(sy) = O becomes ¢ = ¥(s)
with ¥(sy) = 24, 7'(s,) = 0. As long as the graph of  remains in U,, an inequal-
ity of the form ¥" + ay' > 0 holds, implying ¥(s) = ¢, and @(s) = ¥,(s) =
Ve ® > Is — so! as before. In particular, the graph of ¢ remains in U; (and the
graph of v remains in U,) as long as ¢(s) <r,. This implies s, <s, + ry and
$; = 8o — 1o, where o((sy, s,)) is a maximal interval in B, . Therefore s, —s; <
2r,, which gives the first conclusion of Theorem 2.

To obtain the second conclusion, observe that the sectional curvatures at
o(s) are < f((s)) < f(Is — sol). Now let ¥ be any nontrivial Jacobi field along o,
and suppose V(s*) = 0 for some s* € [s,, 5,]. Let u(s) be the unique solution
of u"(s) + f(Is — syDu(s) = 0 satisfying u(s*) = 0, u'(s*) = I1V'(s*)l. Then since
u,(s — s,) satisfies the same equation and is positive for s; <s <'s,, it follows
from the Sturm separation theorem that s* is the only zero of u in [s, s,]. Now
u(s) is the length of a Jacobi field in M™ along a geodesic o* with a*(sy) = p*.
¥ may be compared with this Jacobi field using the Rauch comparison theorem
to conclude that V(s) # 0 for s, <s <s,, s # s* (see [1, p. 251] or Lemma 3
below).

It remains only to study the solutions of equation (3), that is, the growth
of the distance function along geodesics of M*. I may assume 5o = 0 and that
M™ has dimension two, since only the autonomous equation (3) is being considered.

LEMMA 2. Suppose for all g* € B;"o that the Gauss curvature of the surface
M* at g* equals f(d(p*, q*)), where f is a smooth even function. For the solu-
tions u,, u, of u" + fu = 0 satisfying u;(0) = u3(0) = 1, u7(0) = u,(0) = 0,
assume that u,(r) > 0, u5(r) > 0 and f'(r) <0 for 0 <r < ro. Let 7 be a unit-
speed geodesic in M*, 7(0) = p*. For 0<t< ro, let 8, be the unit-speed geo-
desic with §(0) = 7(t), 5,(0) orthogonal to 7'(¢) and forming a continuous vector
field along 1. Denote

¥, () = d(p*, 5,()).

Then for each t € (0, r,),

® (/30,5 > 0,

@) ¥,(5) > sl
for all s such that the open segment along &, from & (0) to & ,(s) lies in B;"o.

PROOF. Observe that ¥, is an even function, with 1Y;(s)| < 1, which satis-
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fies equation (3) according to Lemma 1. For 0 <t <r,, denote
h(r) = inf{s > 0: 8,(s) & B;"o}.

I assert that for #> 0, IY(s)l < 1; for if Y (s) = 1, then ¢ is constant,
as may be seen from the uniqueness theorem of ordinary differential equations,
whereas ¥(0) = 0 according to construction, a contradiction. Now c is positive
on (0, 7,1, so that equation (3) implies ¥;(s) > O for all s such that ¥ (s) <7,.
Thus ¥(s) has the same sign as s for Isl < a(f). Now h(#) > 0 and satisfies
Y, (h(®) = ry. But Yy(s) > 0 for s > 0; therefore & is differentiable and satisfies

@ Ve (h()H'() = = oft, k()

where a(t, 5) denotes (3/0¢) Y (s).

First, for some ¢ > 0, suppose that conclusion (ii) holds, that is, ¥ (s) >
Isl for s € [~ h(t), h(t)]. Then 7 has no focal points along & ([ k(?), h(z)]). For
if u(s) denotes the length of a nontrivial -Jacobi field along &, then v satisfies
the Jacobi equation v"(s) + f(¥,(s))u(s) = O with the initial conditions v'(0) = 0,
w(0) > 0. Since f(¥,(s)) < f(Isl) = f(s) by the monotonicity condition on f, v(s)
cannot vanish for Isl < inf{r,, A(¢)}, according to the Sturm comparison theorem
and the assumption that u,(r) > 0 on [-r,, 7,]. Again using the supposition
¥,(s) = Isl, one sees that h(r) = In()l < ¥, (h(?)) = ry, so that v(s) > O for Isl <
h(t) in particular. That is, 7 has no focal points along §,.

On the other hand, for some ¢, > 0, suppose that 7 has no focal points
along 8 ([~ h(?), h(r)]) for 0 <t <t,. Then the 7-Jacobi field V(s) = (3/92)5 (s)
along &, does not vanish for Isl <h(?). Since a(t, 0) = (d/dt)d(p*, 7(t)) = 1,
a(t, s) will remain positive unless a(?, s3) = 0 for some 53, 0 < Is;| < h(7). But
this would mean that V(s;) is orthogonal to the geodesic from p* to 8,(s3); since
M* is two-dimensional, it would follow that this geodesic must coincide with 5,
an impossibility for ¢ > 0. Therefore a(t, s) > 0, which is the inequality of con-
clusion (i), for 0 <t <t,, Isl <h(f). According to equation (4) this ensures that
h is decreasing on 0 < ¢ < #,, so that a(, 5) > 0 holds for 0 <z < ¢, Isl <h(z,).
With the observation that ¥ (s) — sl as ¢ — 0, one may integrate with respect
to ¢ to show that \]/to(s) > Isl for Isl < h(zy). From this it follows that for some
€>0, Y (s) > Isl for all € [¢,, t, + €) and Isl <A(z). As shown in the preced-
ing paragraph, this implies that 7 has no focal points along & ([ A(£), h(¢)]) for
0<t<ty+e.

Finally let ¢, be the infimum of all #> 0 such that 7 has focal points along
8,([- h(t), h(®)D. Since Yo(s) = lsl, there are no focal points of 7 along
8o~ 7o, ro]), as shown above. Using the continuity of 4 and the fact that focal
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points correspond to a closed subset of the normal bundle of 7, one may verify
that ¢, > 0. The above argument shows that if 5 <rg, then there exists € > 0
such that 7 has no focal points along &,([— h(Z), A(?)]) for 0 < <¢, + €; this
contradicts the choice of #,. Therefore 7 has no focal points along

8,([- h(t), h(D)D for all t € [0, ry). Conclusions (i) and (ii) now follow from the
above proof.

3. Construction of manifolds without conjugate points. With the results of
the previous section, it is now possible to construct explicitly complete manifolds
with curvature of both signs, whose geodesics exhibit various aspects of behavior
typical of manifolds with negative curvature. The examples themselves are not
surprising, and their construction is widely understood.

Four specific classes of manifolds may be singled out, for which examples
will be given. Examples A and A: no focal points occur (and hence no conju-
gate points), dimension 2 2 is arbitrary; A, is compact, A is noncompact. Exam-
ples B and B2: focal points occur, but no conjugate points; B} is compact and
two-dimensional, B is noncompact and has arbitrary dimension. Each compact
example has Anosov geodesic flow. The topological type of 4, or Bg may be
chosen as that of any manifold or orientable surface, respectively, which carries
a metric of constant negative sectional curvature. Each example may be made
real-analytic. Nonexistence of conjugate points implies that the universal covering
manifold is diffeomorphic to euclidean space. From this follows, for example,
that the existence of 4, implies existence for 4. A and B, however, admit direct
constructions, while 4, and Bg are formed by “raising a blister” on compact
manifolds of constant negative curvature.

Let the first fundamental form of an n-dimensional riemannian manifold M
be given in geodesic polar coordinates from a point p of M by

ds® = dr* + G(H)? db?,

where d6? is the pullback under radial projection of the fundamental form of the
unit (n — 1)-sphere in euclidean space. G satisfies the Jacobi equation

®) G"+K,G=0

where K, (r) is the sectional curvature of any plane section containing the radial
direction at any point at distance 7 from p. G satisfies initial conditions G(0) =
0,G'(0) = 1. Let A7) = G'(r)/G(r). Then X satisfies the Riccati equation

(6) N+ +K, =0

with the initial condition that A(z) —#~! — 0 as r — 0. I shall use equation
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(5) or (6) to determine K;. G may be regained from A by integrating:

log G(r) = logr + for A -t Yar.

Observe that G and A are analogous to the functions u, and ¢ of Lemma 2. Let
K, (r) denote the sectional curvature of any plane section orthogonal to the radial
direction at distance r from p. Then K, = G™2 = \2. K, and K, represent the
extreme values of sectional curvature in a metric of this form. In fact, the sec-
tional curvature corresponding to a plane section which makes an angle 8 with the
radial direction is [2, p. 27]

K =K, cos?0 + K, sin6.

I shall define A and G as approximations to functions A, and G, where A,
and G, are discontinuous. Choose positive constants b and r, with br, < /2.
For 0 <r<r,,set A, = b cot br; the resulting sectional curvatures are all = b2.
There exists a unique r,,0 <r, <r,, so that b~ sin br; = sinh(r; —r,). De-
fine Ay(r) = coth(r —r,) for r > r,; the resulting sectional curvatures for plane

sections tangent to the radial direction are K, = — A;, - )\g = — 1. The relation
defining r, implies that G(r) = sinh(r — ;) for r > r,. Thus K, = ng -
A2 =-—1, as well. Now for some small positive € <r, —r,, modify A, on (r; =

€ r; + €) to yield a function X of class C! whose integral on (r, — ¢, r; + €)
agrees with that of Ay, such that A" + A2 > —52? and A() > b cot br. This is pos-
sible since coth(r —r,) > cothr > b cot br for r > r,. More precisely, one may
transform the equation x = A(r) into p = k(r), where the relation x =
b cot b(r — p) defines a diffeomorphism of the (7, x)-plane with the strip 0 <r -
p < /b in the (r, p)-plane. Then the conditions A(r) = b cot br and A’ + A2 >
— b2 become k(r) = 0 and k'(r) = 0, both of which are satisfied by the function
k5 defined by coth(r —r,) = b cot b(r — k5(r)), r > r,. Thus one may choose a
smooth one-parameter family k,, 1 < & < 2, such that for all o, k, = 0, k, > 0;
ko(r)=0for 0<r<r, —¢€; and k,(r) = k5(r) for r > r, + €. I further ask
that k, satisfy k,(r) = 0 on all of [0, 7, ], with k,(r) < k3(r) for all » > r,; and
that k, satisfy k,(r) = k3(r) for all » > r,. Then the integral of the correspond-
ing functions A, will vary continuously with a, being less than the integral of A
at @ = 1 but greater at @ = 2, so that for some intermediate value of a, A = A,
has the same integral as ;. Observe that G(r) = b™! sin br; thus the resulting
bounds on sectional curvatures K; = -\ =22 <b? and K, = G2 — A2 < p?
on (r, —¢ r, +¢€). The condition that X and A, have the same integral implies
that G(r) =G(r) for r >r; + €, from which K, = -1 follows.

Choose b, r; and € so that b tan b(r, + €) <1, with b(r; + €) < /2.
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Then I claim that M satisfies the hypotheses of Theorem 2 with any positive val-
ue for r,, and where f is the constant b? on the interval [0, r, + €] and equals
—1 for all arguments greater than r; + €. Writingr; =r, + €, one may com-
pute explicitly u, (r) = cos br, u,(r) =b~"! sin br for 0 <r <r,; and u,(r)=
cos bry cosh(r — r3) — b sin bry sinh(r — r5), u,(r) = b~ ! sin bry cosh(r —r;) +
cos bry sinh(r — r5) for r >r5. Thus the hypotheses u,(r) > 0 and u,(r) > 0
follow from b tan br; <1 and bry < /2.

For the construction of example B, I further require that b(r, — €) > n/4
(this forces b < 1). The disk of radius 7, — € is then isometric to a spherical cap
which contains a segment of a great circle of length greater than one-fourth the
circumference, so that either endpoint has a focal point along the segment. How-
ever, conjugate points are excluded by Theorem 2.

Before considering example A4, I shall give a comparison lemma which will
be useful here and in the sequel. Although the result is valid in any number of
dimensions, its proof is more closely related to methods of Sturm than to the
Rauch comparison theorem.

LEMMA 3. Let o be a geodesic in a riemannian manifold M, V a perpendic-
ular Jacobi field along o, with length v. Suppose f: R —> R is integrable on
bounded sets, such that for all s, K(a'(s), V(s)) < f(s). Choose s*, and let u be
a distributional solution of u" + fu = 0 with u(s*) = v(s*), u'(s*) < v'(s*), and
suppose u(s) > 0 for s* <s <s**. Then for s* <s <s**, v(s) = u(s) and

) v'(s)/u(s) = u'(s)/u(s).

PROOF. Since V is a Jacobi field, its covariant derivatives ¥’ and V" along
o satisfy (V", V) + K(o', V)v? = 0, hence

V' + fo =" + K0, Vv=v3(V, XV, VY —(V, V)?) >0.

Note that u is continuously differentiable. I shall show that the continuous
function A = uv’ — w' is monotone increasing on [s*, s**]. To this end, I shall
first show that A has a nonnegative distributional first derivative. Let ¢ be any
nonnegative C! function with support in (s*, s**). Since v satisfies v" + fo =0,
and since u > 0, integration by parts yields f(v'(ou)’ — fu(gu)) < O (this and the
next two integrals are over [s*, s**]). Meanwhile, u is a distributional solution
to u” + fu = 0, so that f(u'(pv)’ — fu(pv)) = 0. Subtraction of these integrals
yields f¢'A <0, which expresses the fact that A has a nonnegative distributional
first derivative. But this implies that A is monotone increasing: otherwise, I have
A(sy) > A(s,), where s* <, <5, <s**. By continuity, there exist § > 0 and
A such that forall ¢, €[s,, s; +8) and t, € (s, — §, 5,] there holds A(z,) >
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Ay > A(t,). Choose ¢ to be a C! function with support in (s,, s,), such that
¢ >0o0n(s,,s; +8),¢ <0on(s, —3,s,),and ¢ = 0 otherwise. Then

s1+6 s1+8 $2 2
fsl JA> AOLI o= —AOJ;2—5 ;> -fsrs A
and hence the integral of ¢'A over [s*, s**] is positive, a contradiction. There-
fore, A is monotone increasing.

Now by hypothesis, A(s*) > 0, so that A(s) = 0 for s* < s <s**. This im-
plies that (v/u)' = 0, while v(s)/u(s) tends to a limit = 1 as s approaches s* from
above (use L’Hopital’s rule in case u(s*) = 0). Therefore v(s) = u(s) for all s €
(s*, s**], as claimed. In particular, v(s) > 0, so that inequality (7) follows from
A(s) = 0. This completes the proof of Lemma 3.

I now return to the construction of examples. For example 4, r; and €
need to be small enough that b tan 2br; <1 (here ry =r; +€). Let o be a geo-
desic in M. According to Theorem 2 with r, = r;, any segment of o which lies
in B, 3 has length at most 2r;. Moreover, according to the proof of Theorem 2
with large r,, the distance from p to o(s) is a convex function of s; thus at most
one segment of ¢ lies in B, 3 Therefore all sectional curvatures at o(s) are < b?
and = — 1 except for s in an interval (s, s,) of length at most 2r;. Let v be the
length of a perpendicular Jacobi field along g, v(s*) = 0. In order to eliminate
focal points, I shall show that v'(s) > O for all s > s*. According to Lemma 3,
and using the linearity of the Jacobi equation, this will follow if it can be shown
that u'(s) > 0 for s = s*, where u is the distributional solution of u" + fu = 0
satisfying u(s*) = 0, u'(s*) = 1; and where f(s) = b2 for 5, <s5<s,, f(s) = -1
otherwise. First consider the case s* <s,: then u(s) = sinh(s — s*) for s* <
s<s,. Thenon [s,, 5,] u(s) = sinh(s, — s*)cos b(s —5,) + cosh(s; —s*) -
b~! sin b(s — 5,), so that u'(s) > 0, since b tan b(s — 5,) < 1. Proceeding, one
finds that for s > s,, u(s) = u(s,) cosh(s — s,) + u'(s,) sinh(s = 5,), so that u'(s)
is again positive. The cases s, <s* <s, and s, < s* may be handled similarly.
This shows that 4 is free of focal points.

I now turn to the compact examples. Suppose given a compact manifold
M’ of nonpositive sectional curvature, and a point p’ of M’ such that the exponen-
tial map at p’ is injective on a ball of radius R > r; —r,. Assume that all sec-
tional curvatures of M’ on the ball of radius R centered at p’ equal — 1. The an-
nulus Q centered at p' with inner radius 73 — r, and outer radius R may be
mapped isometrically onto the annulus in M (as constructed for example A or B)
with inner radius r; and outer radius R + r,, by adding r, to the radial coordi-
nate in a system of geodesic polar coordinates at p’. Identifying these annuli, one
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may form a compact manifold M, in which the ball of radius R centered at p’ in
M is replaced by the ball of radius R + r, centered at p in M. Let D denote the
smaller ball, of radius r3, and retain the notation Q for the annulus. Now let o
be any geodesic in M. Any segment of ¢ in D has length at most 275 according
to Theorem 1. As in the proof of Theorem 2, the distance from p to o(s) is a
convex function of s as long as o remains in D U Q. Thus, after o leaves D, it
must cross Q to its outer boundary, traveling a distance of at least R' = R +
r, —r3. In summary, the sectional curvatures at o(s) are at most b2 for s in cer-
tain intervals of length less than 2r;; these intervals are separated by intervals on
which the sectional curvatures are nonpositive, with subintervals at each end of
length > R’ on which all sectional curvatures are — 1.

I shall show that conjugate points do not occur on M, provided that

®) btanbry < tanhR'.

Note that bry < a/2 is still required. Let [s,, ¢, ] denote intervals such that sec-
tional curvatures at o(s) are = —1 for 1, <s<t, + R’ and for s, —R' <s<s5,,
< b? for s, <5 <t;,and <0 otherwise. I have z, —s, <2r; and s, ,; —
t, =2R'. Iassume that k ranges over an interval of the integers, k;, <k <k,
(with the understanding that equality is excluded if k, or k, is infinite). Now
let v(s) be the length of a perpendicular Jacobi field along g, v(s*) = 0; I shall
show that v vanishes only at s*. According to Lemma 3, it is enough to show
that the solution u of u” + fu = 0 satisfying u(s*) = 0, u'(s*) = 1, vanishes only
at s*; where f(s) = b2 for 5, <s <t,, f(s) =—1fort, <s<t, + R and for
Sy -R'<s< 8, and f(s) = 0 otherwise. By symmetry, I need only show
u(s) > 0 for s > s*. Denote u = u'/u. If u(s**) were zero, then u(s) would tend
to — o as s approaches s** from below. Thus it will be enough to bound u from
below for s > s*.

I shall first establish the following sequence of statements:

(@) if u(s, —R") > 0 then p(s,) = tanh R' > b tan br;

() if u(s,) > b tan bry then u(z,) > —b tan bry > —tanh R';

(©) if u(t,) > —tanh R’ then p(z, + R") > 0; and

(d) if u(t, +R") >0 then u(s;,, —R")>0.
These may be demonstrated by explicit computation of u. On the interval
[sy =R, 5], if lu(s, = R <1 then p(s) = tanh(s — z,) where z, is determined
by u(s, —R"). If u(s, —R") =0, then z, <s, — R'; therefore u(s,) > tanh R’,
which is statement (a). If u(s, —R') = 1, then u(s) = 1, and if u(s, —R") > 1,
then u(s) = coth(s — 54) > 1; statement (a) follows since tanh R' < 1. Statement
(c) is verified in a similar fashion. On [s;, #,], u takes the form u(s) =
b cot b(s — z,). If u(s;) > b tanbry then z; > s, +ry —7/2b >t —ry — 1/2b,
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and u(t,) > —b tan bry follows, which is statement (). On [t, + R', s, —R'],
u is either identically zero or takes the form u(s) = (s — z,)”!; statement (d) fol-
lows readily.

Observe that by the same argument, in the case that k, is finite, if
W(ty, + R) >0 then u(s) > 0 forall s > £, +R'.

Now suppose s* € [s,, t,]: then for s, <s <1,, u(s) = b cot b(s — 5*), so
that u(z,) = b cot 2bry > — b tan br; > —tanh R', since bry < /2. It follows
by induction that statements (a)—(d) hold for all relevant values of k = n, and
from the proof of these statements that u(s) is bounded below for s* <s <
ty, + R'. But in particular, in the case that k, is finite, u(t,, + R") >0, from
which it follows that u(s) > 0 for s > ¢, 2 + R'. Therefore, in either case, u is
bounded from below.

If s* € [t,,, t,, + R'], then u(s) = coth(s —s*) for 1, <s<t, + R and in
particular u(t, + R)>0. If s*€[t, + R, 5,,, —R'], then u(s) = (s — s*)™!
fort, + R'<s<s,,, —R',so that u(s,,,, —R)>0. If s*€[s, - R',s,]
then u(s) = coth(s — s*) for s, — R' <5 <s,, and in particular u(s,) > 1 >
tanh R'. In each case, the induction argument is started to show that u is bound-
ed from below. This shows that M is free of conjugate points.

A further question of interest regarding M is whether the geodesic flow sat-
isfies the Anosov axioms. Eberlein has shown that in a compact manifold (or a
riemannian covering of a compact manifold) without conjugate points, the Anosov
property is equivalent to the unboundedness of every nonvanishing perpendicular
Jacobi field V along every geodesic ¢ in M [5, I]. I shall show that, in fact, every
nontrivial perpendicular Jacobi field is unbounded; assuming still that M is com-
pact and inequality (8) holds, but requiring in addition that all sectional curvatures
outside B, , are < - ¢? <0. Let v denote the length of ¥ as before. Choose x,
which is not in any of the intervals (s, — R, ¢, + R’), and for which v(x,) # 0.
I may assume v'(xo) = 0, since otherwise this will obtain if s is replaced by —s.
Let u be a comparison function, the solution of u” + fu = 0 with u(xy) = 1,
u'(x,) = 0, where f is as before except that f = —¢? on the complement of the
intervals (s, — R', ;,, + R"). I may apply Lemma 3 to v and an appropriate mul-
tiple of u to show that if u is unbounded, then v is unbounded. Write u = u'/u.
I shall show that any indefinite integral of u, such as log u, is unbounded; from
this it follows that 4 and v are unbounded.

Now if f = —¢2 on some interval (y, ) and u(y) = 0, then u(s) =
ctanh ¢(s — ). It follows that u has a positive lower bound on (y + 1, «) so
that its indefinite integral is unbounded. If xo =1, , + R', or if there are no in-
tervals [s,, #, ] at all, then this argument applies to the interval (x,, *) to yield
the desired conclusion. Thus I may assume xo <s;., —R'. Also, if k, is finite,
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then I only need to show p(f,, + R’) >0 to reach the conclusion.

Let [s,, t,] denote the first interval to the right of x,. Since u(xy) =0,
u(s, —R") = c tanh c(s,, = R' — x,) > 0. This starts the induction argument to
show that statements (a)—(d) above all hold for k¥ = n. In particular, if k, is fi-
nite, then u(t, , T R") >0, and the conclusion follows. Thus I shall assume here-
after that &, is infinite.

On each interval [s,, #;], u takes the form u(s) = b cot b(s — z,); fork = n,
2, > s, +ry —7/2b as in the proof of statement (b). In particular, z, + 7/2b
is to the right of the midpoint of [s,, ¢, ], since ¢, —s; = 2r3, which implies
J ;,'c‘ u(s) ds > 0. Between s, — R’ and s, either u has the form u(s) = tanh(s =2y),
where for k >n,zy <s, —R'; or u > 1. In either case,

[ ()d>fR'tnhd
s’ MO s> | tanhrdr.

Between ¢, and ¢, + R', either p has the form u(s) = tanh(s — z;), or u > 1.
Define z* > —R' so that tanhz* = —b tanbr;. Ifk >nand 1, <s<t¢, + R/,
then u(s) > tanh(z* — ¢, +s). Therefore

[ was> [ annrdr= [° tanhrdr +5
e u(s) s/fz. anhrdr= | _ tanhrdr

where § > 0 is independent of k. Finally, u = 0 on the intervals (¢, + R',
S¢+1 — R), k = n. Adding these integral estimates, I conclude that for k > n,
the integral of u from s, — R’ to 5;.; — R’ is at least §; hence any indefinite in-
tegral of u is unbounded. This shows that M satisfies Eberlein’s criterion for the
Anosov property.

I shall show next that focal points do not occur on M, under the stronger
assumption

) b tan 2bry < tanh R',

where 2br3 <m/2 (and requiring the sectional curvatures outside B, , to be only
nonpositive). The proof is highly analogous to the proof of nonconjugacy given
above. I need to show that if u is the solution of «" + fu = 0 satisfying u(s*) =
0, u'(s*) = 1, then u'(s) > O for all s > s*. Writing s = u'/u, one may show that:
if u(s,) > b tan 2bry then u(z,) > 0; if p(z,) > O then p(s, ., —R") > 0; and if
U(s; 4, —R") > 0 then u(s; . ,) > tanh R' > b tan 2br;. Moreover, u is positive
in each case on the interval in question. Using the behavior of u near s*, one may
show inductively that u(s) > 0, and hence u'(s) > 0, for all s > s*.

Observe that it is enough to require b tan 2bry < tanh 2R ' to prove non-
focality in the special case ¢ = 1. This includes the case that M’ has constant sec-
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tional curvature — 1, as in the constructions given below. An analogous condition
on the sectional curvatures along a geodesic in a surface (instability condition) was
studied by E. Hopf [6, p. 592]; however, Hopf was unable to prove the existence
of a surface with gaussian curvature of both signs, all of whose geodesics satisfied
this condition.

The above results lead to

THEOREM 3. Suppose (M', g") is a riemannian manifold, p' € M', such that
the ball D of radius R centered at p' is the injective image of the corresponding
ball in the tangent space at p' under the exponential map. Assume that the g'-
sectional curvatures are everywhere < — c2, and have the constant value — B* on
D, where ¢ =0 and B> 0. Then there is another riemannian metric g on M',

g = g’ except on a compact subset of D, which may be chosen to have any or all
of the following four properties:

(1) the g-sectional curvatures are a positive constant b® on a neighborhood
of ', and < b? everywhere;

(2) g has no conjugate points;

(3) the geodesic flow of g is Anosov, provided that M’ is compact and ¢ >
0; and

(4) either (4A) g has no focal points; or (4B) focal points occur along a cer-
tain geodesic through p', provided that SR =>1.70.

Properties (1), (2), and (3) follow from the construction given above, with
no generality lost by the normalization § = 1.

To obtain (4A), I fix b and choose 7, and € small enough that inequality
() is satisfied, where ry =r; + eand R'=R +r, —r;. Since r, is defined by
b~! sinbr, = sinh(r, —r,), r, —r, tends to zero as r, tends to zero; in particu-
lar, R' is bounded away from zero, so that (9) holds for small values of ry and €.

For (4B), I require the general inequality (8) and b(r, — €) > n/4. This im-
plies that tanh R' > b tan br3 > b and that b sinh(r; —r,) = sinbr; > V2/2;
thus

R>R'+r —r, > tanh™!b + sinh™!(1/6v/2) = R ().

On the other hand, if € is chosen sufficiently small and r, sufficiently close to
n/4b, then R may be taken arbitrarily close to the value R (b) defined above.
Now R, (b) assumes a minimum value < 1.70 at b = 0.55; with this choice of b,
I may thereby attain (4B). The radius 1.70 could be improved by considering a
situation in which f takes on more than one positive value.

Observe that a result similar to Theorem 3 may be proved by the same meth-
ods, in which a “blister” is put in. the middle of each of a disjoint family of balls,
where each has constant negative sectional curvature.
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Note that noncompact examples of types 4 and B2 with Anosov geodesic
flow may be obtained by considering the universal riemannian covering manifold
of Ay and B}, respectively.

In order to construct the compact example 4, I now need only to find a
compact manifold M’ of nonpositive sectional curvature, such that the sectional
curvatures are identically — 1 on a nonempty open set. Theorem 3 then applies
to show the existence of a manifold with properties (1), (2), (3) and (4A). But
according to a result of Borel, compact manifolds of constant sectional curvature
— 1 exist in all dimensions [3].

The compact surface B2, however, requires the existence of a surface M’
and a point p’' € M’ such that the ball of radius R = 1.70 is injectively embedded
by the exponential map at p’ and has constant gaussian curvature — 1. The gen-
eral result of Borel gives no estimate on R; however, a direct construction of sur-
faces with constant gaussian curvature —1 is feasible.

LEMMA 4. For any h =2 there is a compact surface M’ of genus h with
constant gaussian curvature — 1, and a point p' € M', such that the exponential
map at p' is injective on a ball of radius R, where

cosh R = % cse(n/(12h — 6)).
In particular, R > 1.71.

PROOF. Let a regular polygon of n = 12k — 6 sides be constructed in the
two-dimensional disk with the complete hyperbolic metric of constant gaussian
curvature — 1, whose interior angles are 27/3 and whose sides are geodesics of
equal length. I shall identify appropriate sides of this polygon.

In order to see that the identifications may be chosen so that the result is
topologically the surface Z of genus &, I first consider a graph on ¥ with one ver-
tex and 2h loops, whose complement is simply-connected. Now replace a small
neighborhood of the vertex by a graph with 42 — 2 vertices and 42 — 3 new edges,
such that exactly 3 edges meet at each vertex, the complement of the resulting
graph remaining simply-connected. This new graph has n/2 edges. By considering
this graph as the boundary of its simply-connected complement, one may see
that Z is the quotient of a polygon of n sides.

Now let the identifications of the edges of the polygon be made in arc-
length preserving fashion. At each point of the boundary (since exactly 3 edges
meet at each vertex), the identification may be extended to an isometry on a
neighborhood. This permits a differentiable and riemannian structure to be de-
fined on the quotient M". Finally, the radius R (in the hyperbolic metric) of the
disk inscribed in the polygon satisfies cosh R = % csc(n/n), as may be computed
from the laws of hyperbolic trigonometry.
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The properties claimed for each of the four examples 4, B, A, and B} fol-
low from various strict inequalities on curvatures and distances. Thus, these pro-
perties will remain valid if the metric is replaced by one which is sufficiently
close in the C? sense. In particular, a real-analytic metric may be found for each
example. In the noncompact cases, this approximation may be carried out by
means of convolution with an even, real-analytic function of the distance, in terms

of a hyperbolic metric which agrees with the constructed metric off of a compact
set.
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